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b) Since 1 —i = V2e~ %%, we have
1

Log(1 —i) = In|1 —i| + i Arg(1—i) = Inv2 — %z’: 52— %

¢) Since —1 +/3i = 26%”, we have
2 1
log(—1+v3i) =In| -1+ V3i] =In2+ (;+2n7r>i—ln2+2 <n+3) i,
where n € Z.
Note that
Log(i*) = Log(—#) = Log(e™ ') = — 3
. 3
3Log(i) = 3Log(e?’) = 3 (gz) - gz ” —gi = Log(%).

Hence Log(i®) # 3 Log(i).

Since rectangular coordinates and polar coordinates are related by

r= /22 +y? and 6 = tan™! (3> 7
x
we have 1
log(2) = Inv/a? + 17 +itan ! (£) = SIn(a? +4) +itan" (2).
z x
Let u(z,y) = 5 In(2® + y?) and v(z,y) = tan~" (). Note that

Y

=v,and uy = ——— =
y 1
VT 22 42

Uy — Vg

= o
Moreover, since U, Uy, Vs, vy are continuous and satisfy the CR equation on its domain, the function
log(z) is analytic with

T ] T — 1y z 1

1 = Uy = — = =5 =
0g(2) = Uy + 10, R Sy R E 2

Remark: Note that the function tan™! (%) is well-defined only when x # 0. Furthermore, since

tan—! (%) is a multi-valued function, we have to specify the choose the values in such a way that
it agrees with the branch of the logarithm function. To know more about it, you may see https:

//en.wikipedia.org/wiki/Complex_logarithm and https://en.wikipedia.org/wiki/Atan2.
For z # 1,
1
u(z,y) = Rellog(z — 1)] = Rellog((w — 1) + yi)] = In|(z — 1) + yi| = 5 In[(z — 1)* + ¢?].

Note that for any z # 1, the function u(x,y) is the real part of the analytic function log, (z — 1),
where the branch « is choosen so that z lies inside the domain of log,(z — 1). Therefore, u(z,y)

satisfies the Laplace equation.
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§34) 1) Let 2z, = mxe'?, where k = 1,2 and 6, € (—m, 7). In particular, we have 6; + 65 € (=27, 27]. We

have three possibilities:

o if 61 + 05 € (—2m, —m], then we have

Log(z122) = Log(riroe™ %) = Inriry +i(0y 4 02 4+ 21) = Log(z1) + Log(z2) + 2mi.
e if 61 + 05 € (—m, 7], then we have

Log(z122) = Log(r172€%792) = Inryry +i(6; + 63) = Log(z1) + Log(z2).

e if 61 + 02 € (m, 2|, then we have

Log(z122) = Log(riroe? %) = Inriry +i(0y 4 02 — 21) = Log(z1) + Log(z2) — 2mi.

To conclude, we have
Log(z122) = Log(r1roe™ %) = Inriry +i(0y 4 65 4+ m) = Log(z1) + Log(z2) + 2N,

where N has one of the values 0, 1.

§36) 1) D)
i _
= exp [—2ilog(7)]
= exp [~2i(In |i] + i arg(i))]
- ()
= exp[(4n + 1)7],
where n € Z.

§36) 2) a) The principal value of (—i)® is given by

(=)' = exp(i Log(—i)) = exp [Z (m\ |- gz)} - exp(g)

836) 6) For any z # 0 and a € R,
(l| —

|z |exp(alog z)| = |exp(aln|z| + iaarg(z))| = exp(aln|z]) = |z|*

836) 9) If f'(2) exists, we have

d d d
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¢ df(z)c dzf(z) P f(z) logc.



